TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 319, Number 1, May 1990

COMPLETE COINDUCTIVE THEORIES. I

A. H. LACHLAN

ABSTRACT. Let T be a complete theory over a relational language which has an
axiomatization by 3V-sentences. The properties of models of 7 are studied. It
is shown that quantifier-free formulas are stable. This limited stability is used
to show that in 3V-saturated models the elementary types of tuples are deter-
mined by their 3-types and algebraicity is determined by existential formulas.
As an application, under the additional assumption that no quantifier-free for-
mula has the FCP, the models .# of T are completely characterized in terms
of certain 0-definable equivalence relations on cartesian powers of M . This
characterization yields a result similar to that of Schmerl for the case in which
T is Rj-categorical.

This is the first of two papers about complete first-order theories which have
axiomatizations consisting entirely of 3V-sentences over a relational language.
We call theories with such axiomatizations 3V-theories. Schmerl has called them
coinductive.

This paper is a sequel to [7] which characterized complete theories over a
relational language which have axiomatizations consisting of 3-sentences and
V-sentences. (From now on the restriction to relational languages which obtains
throughout will be tacit.) Such theories are called primitive. Following Hodkin-
son and Macpherson [5] a structure .# is said to be finitely partitioned if there
exists a partition M = FUX,U---UX, of the universe of .# invariant under
Aut(#) such that |F| < w, |X;| > (1 <i<n),and the pointwise stabilizer
of M\X,; in Aut(#) induces Sym(X;). In [7] it was shown that a complete
theory is primitive if and only if all its models are finitely partitioned. Some
acquaintance with [7] would be very helpful to readers of the present work.

Schmerl [10] studied X,-categorical 3v-theories over a finite relational lan-
guage and proved that the unique countable model of such a theory is cellular
in the following sense. .# is cellular if there exist a finite subset X of M and
equivalence relations £, F on M\X such that

(1) (M\X)/E is finite.

(2) If C isan E-class and D an F-class, then [CND|=1.
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(3)If a;, be M (i<k),andforall i, j <k

[a,e XVb e X]=a, =),
a;,b;¢ X = a,Eb,,
aiFaj c»binj,

then (a,...,a,_,) and (b, ..., b,_,) satisfy the same quantifier-free for-
mulas.

A theorem about the R -categorical case with essentially the same content as
Schmerl’s, but formulated rather differently, was obtained independently by the
author and stated without proof in [7, p. 699].

This paper has two aims: (1) to give an analysis of complete 3V-theories in
which no quantifier-free formula has the finite cover property (FCP), (2) to lay
the groundwork for a study of arbitrary complete 3V-theories to be continued
in the sequel to this paper.

Let T be a complete theory with a finite language such that no quantifier-free
formula has the FCP. The main result of §5, Theorem 5.4, states that 7 is 3V
if and only if every model /# of T satisfies the following three conditions:

QIl. There is an equivalence relation ~ on M\ acl(<) such that, for a €
M\ acl(d) and B C M\acl(J), a € acl(B) if and only if a ~ b for some
beB.

Q2. Foreach n, 1 <n < w, there is a 0-definable finite equivalence relation
R, on M" such that, if @, b € (M\acl(@))", then aR, b if and only if @
and b realize the same quantifier-free type over (M\acl{a, b}) U acl(D).

Q3. Foreach n, 1 < n < w, if an R -class C contains infinitely many
disjoint n-tuples, then C N (M\ acl(®))" contains infinitely many disjoint n-
tuples @ which are closed in the sense that acl{a} C aU acl(J).

The result of Schmerl mentioned above, which is somewhat refined in The-
orem 5.8 below, tells us that R -categorical 3V-theories are completely under-
stood. One of the consequences of the theorem just stated is that, if T is a
complete IV-theory over a finite language in which no quanitifer-free formula
has the FCP, then T has a prime model ./ which can be expressed as the
union of a chain .4, C .# C --- of O-definable R -cateogorical substructures
such that Th(.#]) is 3V (i < w). Thus the 3v-theories discussed in §5 in which
no quantifier-free formula has the FCP are in some sense limits of R -categorical
3v-theories.

In §1 we describe three 2xamples. In §§2-4 we investigate the properties of
arbitrary complete 3V-theories at the same time as preparing for the special case
treated in §5. In §2 we show that quantifier-free formulas are stable. In §3 we
study 3Vv-saturated models which play a key role in all our later work. .#Z is
called 3V-saturated if every finite 3V-type over a finite subset of M realizable
in some V-extension of .# isrealized in ./ . In Lemma 3.8 it is shown that two
disjoint 3V-formulas over a JV-saturated model can be separated by a Boolean
combination of existential formulas containing no additional parameters. It
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follows that, if .# is a JV-saturated model and A4 C M, then for all b € M
the elementary type of b over A4 is determined by the existential type of b
over 4. In §4 we show that, if b € acl{a} in a 3V-saturated model ./, then
there is an existential formula &(x) over Rng(@) such that .#Z F &(b) and &(x)
has only a finite number of solutions.

We now mention briefly the main result which will appear in the sequel to
this paper. A striking feature of the examples of complete 3V-theories is that
they are stable and the relation “x = y v Tp(x|y) forks over &” is an equiv-
alence relation. Thus the models of our examples are all naturally partitioned
into components. We will show that all complete 3V-theories have this char-
acter by showing that they are tree decomposable in the sense of Baldwin and
Shelah [3, p. 253]). Call T monadically unstable if there is a monadic formula
#(x, y; X) such that for every linear ordering (I, < ;) there is a model .# of
T and a tuple 4 of subsets of M such that the interpretation of ¢(x, y, 4)
in ./ is a linear ordering isomorphic to (/, <,). By the method of [3, §8]
in this definition it makes no difference if one replaces x, y by tuples X, 7
of the same length. It also follows from various results in [3] that tree decom-
posability is the same as monadic stability. Thus tree-decomposability is a very
strong stability condition. This condition can also be expressed in terms of the
independence, i.e. nonforking, relation as follows: T is monadically stable if
and only if T is stable and forevery # T, beM,and 4, C, DCM

A|C(D)=[A]bCUD)VC | bAUD)].

Here X | Y(Z) istoberead “X and Y are independent over Z ™.

In this paper types are those in which the formulas are quantifier-free. Thus
tp(alA) is the set of all quanitifer-free formulas ¢(X) over 4 such that .Z F
¢(a@), where X = (x, ..., X)z) and X, Xx,, ... are the variables in canonical
order. Types of the more familiar kind containing formulas with quantifiers will
be called elementary types, and the elementary type of @ over A is denoted
Tp(a|4).

To simplify notation we allow @ to denote not only the tuple (a,, ..., a,)
but also the set {a,, ..., a,}. Where ambiguity may occur the tuple interpre-
tation is meant unless we include the phrase “as sets”. Thus “@ = b ” means

that 2=(a,,...,a,) and b= (b, ..., b,) are tuples of the same length and
a;=b, forall i, 1 <i<n. On the other hand “a = b as sets” means that
a=(a,,...,a,) and b= (b, ..., b,) aretuples, possibly of different lengths,
such that {a,,...,a,} =1{b,...,b,}. The tuple obtained by concatenating
tuples @ and b will be denoted by @b .

A useful preliminary observation about complete 3V-theories is

0.1. Lemma. Let T" be a complete 3¥-theory over the relational language L",
and T be the restriction of T* to LC L*. Then T is 3v.
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Proof. We need the following:

Claim. If # isan L-structure such that for all L-structures .#', ./
M < ME&H N C MV~ M =N,

then Th(/#) is 3v.

To see this let .# be as in the hypothesis, .#, =.# , and £, C, ./;. By com-
pactness there exist L-structures ./, , /| with .# C ./ such that (4, M) <
(A4, M) and # is elementarily embeddable in .#,. Here (#, M,) means
the expansion of .7 by a unary predicate picking out M,. Replacing .# by
a copy we can assume .# < .#, in which case .# C, .#{. By compactness
there exists .#, > .# such that .# C .#| C .#,. By our hypothesis about ./,
M =M . Since Sy XM, we also have /) =4 . From [7, Lemma 4.1] this is
enough.

We now turn to the proof of the lemma. Let #* T and # =.#" | L.
Let ./ > .# . By compactness there exists ./ > .#" such that /™~ | L > /.
Every structure between .~ and .#"* is a model of T* since 7" is 3V, and
so any structure between .# and ./ is a model of 7. From the claim 7 is
3V, which completes the proof.

From this lemma it is clear that understanding complete 3V-theories over
finite languages should tell us everything we wish to know about the general
case.

We shall use the same notion of rank as in [7] with one important difference.
In [7] it was enough to assign ranks to formulas ¢(x, b) and hence to definable
subsets of the universe M of the model .# under consideration. Here we
proceed in the same way, but we allow formulas with any number of free vari-
ables. Working over a finite relational language, for each n, 1 < n < w,
we choose a finite complete set of atomic formulas A, with distinguished
variables x,,...,x,. If X denotes (x,,..., x,), then Rk(¢(X, b)) means
R'({o(X, b)}, A, , R;) in the notation of Shelah [11, p. 21]. We shall use this
rank even when the language is infinite. In such a case it is tacitly assumed that
we first restrict to an appropriate finite sublanguage by means of Lemma 0.1.
We need the following consequence of the definition of rank.

0.2. Lemma. Let a finite relational language L be given. For any quantifier-free
L-formula ¢(X,y) and any r, 0 <r < w, there exists a set I'(y) of existential
Sformulas such that for any L-structure # and be M

Rk(¢(X, b)) > r = £ F \T(D).

1. EXAMPLES

In this section we present some further instances of complete JV-theories.
Like those given in [7, §4] these will all follow a common pattern. A finite
relational language L is specified as well as a universal L-theory T, . Let ./ *
be a disjoint union of finite models of 7, in which every finite model occurs
infinitely often. In the cases we consider it turns out that .#* < .Z"U.# for
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all /" F T,. From this it is clear that T, = Th(#") is a 3V-theory. There
are variations one can play on this theme but we know of no complete 3v-
theories which are radically different. Verifying the examples, i.e. that indeed
M= MON forall & F T, is straightforward using Ehrenfeucht games.
We leave this task to the reader since it sheds no light on the general theory
which is our main concern.

Example 1. Let L be the language with one binary relation symbol R. Let
M= (M, R“'Y) be a connected graph with no cycles in which each vertex has
degree R,. Let 7, = Th(#). In T, every formula is equivalent to a Boolean
combination of V- and 3-formulas. Let 7, be the underlying universal theory,
i.e. the theory of graphs without cycles. Note that .# is the unique countable
existentially closed model of T, . For a model of 7 to be existentially closed
it is necessary and sufficient that it be a model of 7;, with one component. Let
A" be a disjoint union of finite models of 7} in which every finite model of T,
occurs infinitely often as a summand. Let 7, = Th(# 9. T, is a 3v-theory:
suitable axioms are those of T, together with sentences which say that each
finite model .#" of T, can be embedded as a “disjoint part” of each model
of T,. The formulas of T, have arbitrary quantifier complexity because any
connected graph without cycles can occur as a component of a model of 7, .

Example 2. Let L be the language with one ternary relation symbol R. A
3-graph is an L-structure .# determined by a vertex set M and an edge set
EC [M]3, where

R” ={(ay,a,,a,):{a,,a,,a,} €E}.

The degree of a vertex be M is |[{e € E: b €e}|. A cyclein # is a sequence
(b;: i < n) of vertices, distinct except that b, = b,, such that n > 2, for
each i < n there exists e € E with {b,, bm} C e, and for each i < n,
{b,_,,b;,b,,,} ¢ E where b_, means b, ,. Following the same plan as
in Example 1 let .# be a connected 3-graph without cycles in which each
vertex has degree X, and in which any two edges have at most one vertex
in common. Let T, = Th(#) and 7, be the underlying universal theory of
T,. Let # * be a disjoint union of finite models of 7, in which every finite
model appears infinitely often as a summand. Letting 7, = Th(# *) gives
another JV-theory. An interesting feature of this example is that it permits
a € (acl(b, c))\(acl(b) Uacl(c)) .

Example 3. This example is due to Shelah in another context. Let the language
L consist of two unary relation symbols U,, U, and a binary relation symbol
R . Define an L-structure .# as follows:

vy’

M=UOIUU1/U{(f,m,n):feww, m<n<ow},

={"w:1<n<w}, Ul =“w,
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and R” is to be the least symmetric relation containing all pairs of the forms

5 (f50,n), ((f,m,n), (f,m+1,n), ((f,n,n,), [ (n+1),

where f € “w and m<n < w. Let T, = Th(#). Then T, is model complete
and stable but not superstable. The unsuperstability results from the definability
in .# of the functions G,: “w — D given by G,(f)=f1(n+1). Let
T, be the underlying universal theory and 7, be obtained in the same way as
in Examples 1 and 2. Again T, is a 3V-theory. Since the functions G, are
defined by 3-formulas and .# is a V-substructure of some model of 7,, T, is
unsuperstable.

2. STABILITY OF QUANITIFER-FREE FORMULAS

The foundation for many of the results which follow is an extension of
Lemma 4.3 of [7]:

2.1. Theorem. Let T be a complete IV-theory over a relational language. Every
quantifier-free formula is stable in T .

Proof. Towards a contradiction suppose that there are .# £ T , a quantifier-free
formula ¢(X, y) with parameters ¢ from M, and tuples @,, Ei C M\ Rng(7)
(i < w) suchthat /Z F ¢(a;, Ej) iff i < j. The formula ¢(X, ¥) is to be chosen
to minimize first /(X) and then /(y). Notice that this implies /(X) < /().
Using Ramsey’s theorem and compactness in the usual way we can choose the

a,’sand b ; ’s such that, if » < w and

(*) ion0<iISj|<"'<inSjn
then
(#) tp(ﬁio,...,Ei",zjo,...,Bjn)ztp(ﬁo,...,5,1,30,...,5").

It is technically convenient to have the @,’s and 51. ’s defined for —k < i <
® + k, where k is an integer such /(X) < [(y) < k and the arity of the
language is at most kK + 1. Now in (*) we allow i, ..., j, to range anywhere
in the interval —k <i<w+k.

Let C, D denote the sets

U{Eigi:—k§i<00rw§i<w+k}, U{EiFi:O§i<w}

respectively. Since T is a 3V-theory, replacing .# by a suitable V-extension
we can choose @,, b, (—k < i< w+k) such that /" F T, where /" C .4 is
defined by N = M\(C U D), and such that () implies

(##)  tp(@,,.... 3, b ...,EjnlN)=tp(EO,...,En,EO,...,B,JN).

In > jO >
From the indiscernibility there is a finite set £ C M suchthat CC E, END =
&, and for any 7 permuting an /(X)-tuple and any i, 0<i< w,

tp(ailE) = tp(n(a,')lE) - tp(ailM\a,‘) = Ip(ﬂ(ﬁi”M\ai) s



COMPLETE COINDUCTIVE THEORIES. 1 215

and similarly for the Ei ’s (0 < i < w). This is where we require the arity of
the language to be at most k + 1.

Claim 1. Forany aC M ,if anE = and 4 E ¢(a, )&—|¢(a b _1), then
for some i, a=a, as sets or agbi.

Consider first the case in which Nna # &. Suppose that @ = ,
where @ € D and ¢ € N. Choose m, 0 < m < w, such that C
aob0 --a bm ,,and for 0 < i < w let a denote the corresponding sub-

tuple of @b, - @iy yym_2liis1ymz- Let b, denote b (0<i<w)

im zm
and ¢'(X',¥) denote ¢(X'C,¥). Then a,, F:) ,a;, 5’1 , ... witness the unsta-
bility of ¢'(X', 7). This contradicts the minimality of /(X). So below we can
assume that a€ D.
From the indiscernibility expressed in (##), if the entries of @ fall in more
than one of the sets a,, 5,. (0 €i < w) we can “spread them out” so that

—
Cc

Q| Q.

m-—2

(i+1)ym—1

ana,#@—anba,, =9

and

anb,#@—ana, b, =9.

Fix the least i, 0 < i< w, such that # F (@, b,) and anb, =

Suppose that @ # @aNa, # @,. We can assume that a = ade, where
post Hdt 27 4

@ #d Ca,dedpb, a_ 2bz ,,and 2 € b,,,d,,,b,,,-. Let & €

Ufab;: o < j < w+ k} be chosen to realize the same type as € over

%i_lﬁ'gi. Let ¢'(X',¥) denote ¢(X'de ,¥) and a"j denote the subtuple of

a,,; corresponding to the subtuple @ of @,. Let E; denote b, ;. Then @,
5;, E’l , 5; , ... withness that ¢(X ,¥) is unstable. Thus we finish unless
ana=9.

Since either ./# F —¢(a, b,_,) or anb, , # @, the latter must be the case
from the indiscernibility. We can assume that @ = @'de, where @ C b, |,
— IS . _ =
d Cayb, --b,_sa,_,,and € C ai+|bi+lai+2b,:2--- ._Let e CU{gb,rw<
J < w+ k} realize the same type as @ over dbl._zﬁ'bi. Let ¢' (X', y) denote
¢(f’3?' , 7). Let E; be the subtuple of 52 el corresponding to the subtuple

a of Ei_l , and 5; denote szw- Then E:), 5:) s E’l s 5’1 , ... witness the unsta-
bility of ¢'(X', 7). By the minimality of /(X), /(X') = /(X) which means that
a C b,_, . This completes the proof of the claim.

Reversing the roles of X and ¥ we obtain a stronger conclusion because
[(X) <1(y):
Claim 2. f bC M and bNE =2 and .# F ¢(@_,, b)&—¢(a,, b), then for
some i, b=a, or b=>b, as sets.

There are now two cases.
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Case 1. There is no @ C b, such that ./ F ¢(a@, b,)&-¢@, b_,).

Let A=U{a,;: 0 < i< w} and E, be the equivalence relation whose classes
are the sets @; (0 < i< w). Let <, be the natural linear ordering of 4/E, in
type . From Claim 1 and the case hypothesis there is a symmetric quantifer-
free formula x(X) over C such that .# F x(a) iff @ is an E -class. Let
y(X,, X,) denote the formula

X(Z)&x(®)& \/ [tp(my(Ty)|E) = tp(, (X)) E) = tp(@,|E)
Ty, 7y
&Iy(o@@_,, y)&-¢(a,, y)&p(ny(x,), ¥)
&_‘¢(n1(71) , ¥)&y N (Yoxl UE)=0)],
where (n,, m,) varies through all pairs of permutations of an /(X)-tuple.

If 3, and @, are E ,-classes @,, @, such that i < j, then ./ F y(a,, @) is
witnessed by ¥ = b, and the identity permutations. Conversely, suppose that
M E y(a,,a,) is witnessed by ¥ = b and the permutations =,, =,. Since
/th(&"k) (k < 2), there exist i, j suchthat 0<i, j < w, and 21'6 =a, and
@, = a, assets. Since tp(@y|E) = tp(ny(ay)|E) = tp(n;(a@,)|E), without loss
of generality we may assume that n,, 7=, are the identity, and E:) = a; and
@, =a; (as tuples). Now we have bN (3@, UE) =@ and

M EG@_, b)&p(a;, b)&~¢(@;, b)&-¢(a,, b).

From Claim 2 there exists k such that 0 < k < w and b = a, or b= Ek
as sets. From the indiscernibility, since —1 < k < w, we have i < k < j.
Therefore we have # F y(a,,a,) iff @,, @, are E -classes and @, <, @, .
Therefore .# has the property Il defined as follows.

The property I1. .# has Il if there exist m < w, e e M, A C M, an
equivalence relation E, on A and a linear ordering <, of A/E, satisfying
the following four conditions:

Pl. Ane = and each E  -class has size m.

P2. There is a quantifier-free formula x(X,e) with /(X) = m such that
M F x(a,e) iff a isan E -class.

P3. (A/E,, <,) is a linear ordering with no greatest element.

P4. There is an existential formula y(X,, X, €) with /(X)) = I(X,) = m
such that y(a,, a,, e) is true iff @;, @, enumerate E  -classes 4,, 4, with
Ay <, A4,.

Since T is complete every model has property II. We handle Case 1 by
obtaining a contradiction. Let g be the sentence

B-X_O[X(fo s ?)&VX-I(—‘X(fl ,e)V XO N f1 #OV _"//(_f() s Y] , €)].
Since (4/E,, <,) has no greatest element. .# F —¢. By compactness there
exists #' > # with an E -class 4 C M'\M such that B <, A" for every

E,class BC M. Let /' =.#UA. Then # C, & and 4 F o. Since
My N, NV FET. Therefore T is not complete. This resolves Case 1.
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Case 2. There exists @ C b, such that /# F ¢(a, b,)& ¢(@, b_,). Let A’
be the model with
M =M\ J{@: 0<i<w}.

Let B = U{Ei: 0 <i < w}, E; be the equivalence relation whose classes are
Fi (0<i<w),and <, be the natural linear ordering of the E-classes.

From Claim 2 there exists a formula x(¥) over E such that .# & x(b) iff b
is an Eg-class. Let E’_l , E’w be the subtuples of Zl , b corresponding to the
subtuple @ of b,. Let w(¥,,¥,) be the formula

w

X (¥o)&x(¥,)&3X |tp(X | E) = tp(@ | E)&X C 7\,

&\/{$(X, n(7,)&@_, 7(7))&$(@,,, 7(7,))}

where 7 runs through all permutations of an [(¥)-tuple. The formula
w(¥,,¥,) linearly orders the Ey-classesin .# " in the same way that w(x,, X,)
linearly ordered the E ,-classes in Case 1. Hence .# " has property IT and we
obtain the same contradiction as before. This completes the proof of the theo-
rem.

In [8] we shall strengthen the above theorem by showing that existential for-
mulas are also stable.

3. 3V-SATURATED MODELS

Let T be a V3V-theory over the relational language L. Let /# F T and
AC M. A IV-n-type over A is a set I' of Iv-formulas over 4 in which at
most X, , ..., X, occur free such that in some model .#" of T, with # C_ 1",
there is an n-tuple b with I'C Tp (b | A). Recall from the introduction that
“Tp” refers to the full elementary type. Such b is said to realize I'. In this
definition we require .# C, .#* because the union of a C-chain of models
of T is again a model of T, while the same is not necessarily true of a C-
chain. 3V- n-type without qualification means 3IV- n-type over &. A 3Iv- n-type
of T is a 3V-n-type over & realized in some model of 7. A 3V-n-type is
called maximal if it is maximal with respect to inclusion in the collection of all
V- n-types of T .

If b€ M, then 3v-tp ,(b|4) denotes the intersection of Tp ,(b|4) with
the set of 3V-formulas over 4.

A is Iv-closed if every finite IV-type over M is realized in # .

M is IV-saturated if every IV-type over a finite subset of M is realized in
M.

3.1. Lemma. Let T be a countable YIV-theory and .# E T . There exists
N & T such that # C, N, N is I-saturated, and |N| < ZNOIM |.

Proof. Let @ € M and p be a 3v-n-type over a. By definition of 3IV-type
there exists .#' £ T such that .# C_,.#" and p is realized in .#'. Moreover,
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forany be M and .#' oy A, N-tp , (5|A) D 3v- tp/(B|A) . The number of
3v-types over a particular finite set is at most 2™ because L is countable.

From these observations it is clear that the desired model .#" can be obtained
as the union of a continuous chain of models (#,: a < y), where 4, =4,
is a limit ordinal, and ./#Z C,, /#, _ , forall a<y.

For /' £ T and b an m-tuple in N the notion of V- n-type over b was
defined with respect to .#". In fact, this notion depends only on 7 and 3V-
tp /,,(5). To see this let T’ be a set of 3v-formulas over b in which at most
X, ..., X, occur free and ¥ be the V-diagram of .#". Then I is a 3V- n-type
over b iff TUY U T is satisfiable. By compactness T UW U T is satisfiable
if and only if TUY U T is satisfiable, where ¥' = 3¥-tp (& | b). Clearly,
V-tp (D | b) is determined by Iv-tp ,(b).

Another crucial point is the following. There is a natural one-one correspon-
dence p — p' between 3IV-n-types over b and 3IV-(m + n)-types (over &)

which include 3v-tp ,(b), such that for any n-tuple ¢C N
v-tp (¢ | b) 2 p « I-tp ,(bc) 2 p'.
3.2. Lemma. Let T be a YIV-theory and # , V" = T be IV-saturated.
(1) Forall bC M, 3v-tp ,(b) is a maximal 3-type of T .
2IfbC M, cCN, and N-tp ,(b) = 3¥-tp (), then Tp ,(b) =
Tp ,(C).
(3) The set of elementary types realized in A is determined by 3v-tp , ().
(4) A is R,-homogeneous.

Note. The hypothesis that T is a 3v3-theory sets the context and is not used
directly.

Proof. (1) Consider an m-tuple b in the 3V-saturated model .# . Let p be a
V- m-type of T such that p 2 3¥-tp ,(b). Let p(b) denote {¢(b): ¢(X) € p}.
Since p isa IV-m-typeof T, p(E)UT is consistent. Since p 2, 3V-tp /(5) ,
p(b)UT UV-Diag(#) is consistent. Hence p(b) is a 3v-O-type over b relative
to ./ . Since .# is Iv-saturated the O-type p(b) is realized in .Z ,i.e. p C 3v-
tp ,(b), which means that 3v-tp ,(b) is maximal.

Since .# is 3V-saturated, the set of 3V-types over J realized in .# is deter-
mined by 3v-tp ,(J). Further, if p' is any 3V-(m + n)-type of T extending
v-tp ,(b), then there exists ¢ C M such that bT realizes p' because the
corresponding 3V- n-type p over b is realized in .# . Next by induction on
the length of the formula ¢(X) we can show that for all formulas ¢(X) and all
¢ C M with /(¢) = [(X), the truth-value of ¢(¢) is determined by 3V-tp ,(C)
independently of ./ . This establishes (2), and once we know that the type of a
tuple in ./ is determined by its 3V-type, (3) and (4) follow from the remarks
above.

3.3. Lemma. Let # be a IV-closed model of a IV-theory T. Let ¢(X,¥, Z)
be a quantifier-free formula and @ C M such that # =NVy3zp(a,y, Z). There
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exists a finite subset C = C; of M such that
A ENYy(FZCCUY)P(@,y, Z).

Proof. If the conclusion fails, by compactness there exist .#° > .# and bCN
such that ./ E —¢(a@, b, ¢) forevery cC M Ub. Let .#' be the substructure
of /" such that M' = MUb. Since T is IV, #'E T. Also, # C,, .#" since
M C, N . Clearly, #'F 3yp¥z-¢(a,y,z). This contradicts the assumption
that ./# is 3V-closed.

It is relatively easy to analyze a complete 3V-theory in which every formula

is equivalent to a 3v-formula. There is a familiar property which guarantees
this.

3.4. Lemma. Let T be a complete 3V-theory over a relational language in
which no quantifier-free formula has the FCP. Every formula of T is equivalent
to a IV-formula.

Proof. Consider an arbitrary V3-formula Vy3zZ¢(x, vy, Z), where ¢(X, 7, Z) is
quantifier-free. Let .# £ T be 3v-closed, a C M, and Z EVy3z¢(a,y, Z).
From Lemma 3.3 there is a finite C C M such that

M ENy(IZC CUY)P@,y,0).

Since ¢(X,7,Z) (seeas y(y; Xz)) does not have the FCP, there exists n < w
depending only on ¢ such that for all @ satisfying .# E Vy3z¢(a,y,z). C
can be found with |C| < n. Soin .# the formula Vy3z¢(X, ¥, Z) is equivalent
to ,

321 a EIZHWV{¢(Y’ J_)a _Z_I): S I}a

where Z' runs through all [(Z)-tuples from {z,,...,z,}UYy. Since T is
complete the equivalence of the two formulas is a theorem of T .

3.5. Corollary. With the hypothesis of the lemma, if # € T and # C, M,
then # <M.

Note that the conclusions of the last lemma apply to R -categorical theories.

3.6. Lemma. Let T be an N,-categorical 3V-theory over a relational language.
No quantifier-free formula of T has the FCP.

Proof. In [11, II, Theorem 4.4] it is shown that when T is stable the FCP
is equivalent to a number of other properties some of which are obviously
incompatible with R -categoricity. Looking at the part of the proof which shows
(2),, implies (5),, in the notation of [11, p. 62], one easily sees that in an R-
categorical theory, whose quantifier-free formulas are stable, no quantifier-free
formula has the FCP.

If one is interested only in X,-categorical theories, one can avoid all mention
of the FCP. Where the lack of the FCP is used in the proof of Lemma 3.4,
R, -categoricity will do just as well.

Using the stability of quantifier-free formulas we can refine the conclusion
of Lemma 3.3 as follows.
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3.7. Lemma. Let .# be a 3IV-saturated model of a complete IV-theory T,
¢(X,¥,Z) be a quanifier-free formula and @ C M s.t. # EVy3Izéd(a,y, Z).
There exists a quantifier-free formula w(X, W) s.t. the formulas IWy(a, W)
and

y(a,w)—vy(3z Cwy)p@,y,z)
are both valid in A .

Proof. Using Lemma 0.1 we can suppose that the language is finite. The rank
we use below is that based on quantifier-free formulas discussed in [7, §3] and
also mentioned in the Introduction.

We study finite sequences ¢ = (¢, ..., ¢,) such that /(c,) = /(Z). The set
of all such sequences is denoted C. To establish notation let

C,={beM: 4k (3z2Cbc,)¢(@,b, )},
r.(c) = RK(C\(C,U---UC,_))),
v(c) = (r(c), ..., r(0).

Note that C; is definable by a quantifier-free formula over @,c;,. The se-
quence ¢ is called good if r(c) > —1 forall i, 1 <i< k. The codomain
of v restricted to good sequences, i.e. the set of nonempty finite sequences of
natural numbers, is ordered lexicographically.

Claim. Amongst the good sequences ¢ is one for which v(c) is maximum.
Since the rank of the universe is finite the claim can fail only if there are
arbitrarly long good sequences. Suppose the claim fails. Since the rank function
is monotonic with respect to inclusion, for any good ¢ € C by deleting some
components and reordering the rest we can obtain a good d € C such that v(d)
is monotonic decreasing and v(c) < v(d). From the failure of the claim there

exist natural numbers j, r, r;,r,,...,r; suchthat r<r,<r, | <---<r, <
r,, every tuple (r,, r,, ..., FisTseons r) is in rng(v), and for every good ¢
v(c)g(rl,rz,...,rj,r,...,r)

provided that the length of the sequence on the right is at least /(c). Let r, =r
for all i > j. Let ¢ ,e,,e,,... be disjoint sequences of constants with
l(e;) = I(Z) and let E, denote the set of /(y)-tuples which stands in the same
relation to €, as C; to C,. Let Ei denote E,\(E, U-~-UEI ;). From Lemma

0.2 there are quantifier-free formulas y; (X, %,,..., %, 7; ,) (1 <i<w,

m < w) such that for any L-structure N 1nterpret1ng E nd e, , €;
Rk(E )>r e YmlAF Jv;. mc//.,m(a, e,...,€,7; )]

Let

F={3ﬁi’my/i,m(ﬁ,?],...,e ,F,.,m): 1<i<w,m<w}.

i
Any finite subset of I can be satisfied in .# . Thus there exists ./ > .# in
which T is satisfiable, and .#" has a V-extension .#' which is 3JV-saturated.
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Clearly, I is satisfiable in .#'. From Lemma 3.2, .# and .#' are L_ -
equivalent and so I' is actually satisfiable in .#Z . Choose particular interprlé-
tations of 2, (1 < i < w) in .# which satisfy I'. Let ¢ be the interpre-
tation of (e, ..., ?j) and (C; Y eens C}'.) be the corresponding sequence of
subsets of M'® | the satisfaction of T yields r(¢)>r (1 <i<}j) and
Rk(-‘C{ A-- ~/\—'Cj'.) > r. From Lemma 3.3 M'?) is covered by a finite number
of sets of the form

C'={(beM: #=(@zChbe)p(@,b,z)} ECM,IT) =I2).
From the properties of rank we can fix ¢ such that
RK(C'A=C{A--A=C))>r.

Now ¢”*(¢) is a good sequence contradicting the choice of j, r, Fiseeos 0
made above. This completes the proof of the claim.

Fix a good sequence d = (d,, ..., d,) such that v(d) is maximum. Hence-
forth let r, denote r,(d). Let % be a sequence of variables with /(%) = k-1(Z),
and {y,(X,%,7,): i < w} be a set of quantifier-free formulas such that, for

ceC with /(c) = k
MENF (@, c,T): i < w}

iff r,(c)>r, (1<i<k). Since C,; is definable without quantifiers, there is a
quantifier-free formula (X, ¥, u) such that #Z EVyyx(a@,y,c) iff U{C,: 1 <
i <k} = M"Y Since v(d) is maximum, for ¢ € C with /(c) = k, the
conditions r,(¢) > r, (1 <i<k) imply U{C,: 1 <i<k}=M". Thus

NG w,@ w,70): i <w}—Vyx(@, vy, n

is valid in .Z . Since . is 3V-saturated, by compactness there exists j < w
such that

NG w@ 7,7):i<j} - 2@ 7, %)
is valid in .# . Without loss of generality the sequences U, of variables are

disjoint, and so the formula A{w,(X, %, V,): i < j} satisfies the conclusion of
the lemma.

3.8. Lemma. Let T be a complete IV-theory over a finite relational language.
Let # be a IV-saturated model of T and ¢(a,x,y,z), 6(@a,x,y,z) be
quantifier-free formulas over M such that IyVzZo(a,x,y,z) and Iyvz 6(a,
X,¥,Z) are disjoint in # . Then there is a Boolean combination of existential
Jormulas over @ which separates IyNzp(a,x,y, z) from IvVz0(a,x,y, z).
Proof. Let ¢(a,X,¥,Z) and 6(a,Xx,y,z) be quantifier-free formulas sat-
isfying the hypothesis. We will show that there is a Boolean combination of
existential formulas over @ separating the two JV-formulas.
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Let y,(X,w,;) (i < w) be an enumeration of all quantifier-free formulas
over a. For brevity @ has been omitted in writing y, and will be omitted
from all formulas below. Let I' denote the set of all formulas:

30, ,(X, T,). VI, (X, T,)&3F~(32 CT)~$(X, 7, 2)
&3W [y(7, W)&IF~(3Z CT)-0(X,7,7)] (i <w).
Let I'(@) denote the set of formulas obtained by substituting @ for X in I'.
Then AT'(@') says that the conclusion of Lemma 3.7 fails both for the input for-
mula -¢(@ , ¥, Z) and the input formula -0(a@’, ¥, Z) . Since IpVZo(X, ¥, Z)
and JYvzZO(X, ¥y, Z) are disjoint, the formula
Vy3dz-o(Xx, ¥y, 7). V .VJ_/EIEﬂO(Bc‘, vy, 7)

is valid in ./ . From Lemma 3.7, I is not satisfiable in .# . Let x,(X) denote
the formula

Vwi[l//i(f, m[) —Vy(3z e Rng(j;w,‘))_‘d’(f’ v, Z)]

and n,(X) denote the corresponding formula with 6 instead of ¢. Since .Z
is Jv-saturated, by compactness there exists j < «w such that the set consisting
of the first j formulas of I" is not satisfiable in .# . Hence

VE0,y,(X, W,).&.%,(%) V 7,(%)]
i<j
is valid in .# . Notice that
[awil//,‘(-fa 'L—U—,)&X,(f)] — -~PVZH(X, ¥, Z)
and
[30,4,(%, T,).&7,(X)] — ~FVZO(, 7, 7)
are both valid in .#Z . Thus the formula
VEW, v, (%, w,).&7,(%)]
i<j
separates JYyVzo(X, ¥, z) from 3pvzO(X,y,Z) in 4 . Since =, is clearly
equivalent to a universal formula the proof of the lemma is complete.

If AUbC M, then 3-tp /(FIA) denotes the intersection of Tp , (b|4) with
the set of 3-formulas over 4.

3.9. Corollary. Let T be a complete 3V-theory over a relational language. Let
M be a IV-saturated model of T and AC M. Forall bC M, Tp ,(b|A) is
determined by 3-tp ,(b|A).

Proof. Drop the subscript .# , and suppose that Tp(50|A) # Tp(51|A) , where
I(by) = I(b,). For some @ C A, Tp(ab,) # Tp(ab,). From Lemma 3.2(2),
3v-tp(ab,) # IV-tp(ab,). By Lemma 3.2(1) there are Iv-formulas y,(Xx,y),
w,(%,¥) disjoint in T such that .# F y,(@, b,) (i <2). From Lemma 3.8
there is an existential formula x(X, y) such that for either i = 0 or i = 1
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we have /# F x(a, b,)&-x(@, b,_,). Hence 3-tp(b,|4) # 3-tp(b,|4), which
completes the proof.

The following theorem is an immediate consequence of Lemmas 3.4 and 3.8.

3.10. Theorem. Let T be a complete Iv-theory over a finite relational language
in which no quantifier-free formula has the FCP. Every formula of T is equivalent
to a Boolean combination of existential formulas.

Below we shall often appeal to the following consequence of Theorem 3.10.
If # is a model of such a theory and .# C_ ./, then # C A "C  implies
that . is an elementary submodel of .Z" .

4. ALGEBRAIC CLOSURE

In the known examples of complete 3V-theories the algebraic closure relation
plays a key role. Some information may be gleaned from the argument [7,
Lemma 4.3] which shows that the A-rank of such a theory is finite: unless the
theory is finitely partitioned, for any model ./ and finite 4 C M there is a
quantifier-free formula ¢(x, ) and b € M such that ¢(x, b) has only finitely
many solutions and at least one ¢ AU {E} . Thus, except in a trivial case, the
quantifier-free formulas give nontrivial algebraic structure involving an infinite
number of elements of the model.

In general the formulas giving the algebraic closure of a subset of a model are
of arbitrary quantifier complexity as may be seen from Example 2 of §1. We
shall now show that in a 3V-saturated model algebraic elements are captured by
existential formulas.

4.1. Lemma. Let T be a complete IV-theory over a relational language. Let
MH be a IV-saturated model of T and b € acl(@) in A . Then there is an
existential formula &(x) over @ such that # = &(b) and &(x) has only a finite
number of solutions in A .

Proof. Let @, b, and .#Z satisfy the hypothesis. Let B be the set of solutions
of tp(b|a) in M and n = |B|.

From Lemma 3.9 Tp(b|a) is determined by 3-tp (b|a@). Hence there is a set
¥ of universal and existential formulas over @, in which at most x occurs
free, such that B is the solution set in .# of A¥. Since .# is JV-saturated
there exists a finite subset @ of ¥ such that B is the solution set of A®.
It follows easily that there are quantifier-free formulas ¢(x,y) and w(x, Z)
over @ such that B is the solution set of Iyop(x, y).&Vzy(x, Z). We study
finite sequences ¢ = (a, b, ¢,, ..., ¢,) suchthat /# F ¢(a, b) and I(c,) = I(Z)
(1 <i< k). The set of all such sequences is denoted C. To establish notation
let

C,={efeM: MF e, &VZ Cabt,)y(a,2)&3IZ CefT)y(e, 2)},
ri(e) = Rk(C\(C,u---UC,_))),
v(e)=(r(e), ..., r(c).
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Let F denote the solution set of ¢(x,¥) in & . Then {C,,...,C,} isa
partial, possibly total, covering of D = F N ((M\B) x MY )) .If ef € F, then
T is a witness for ef if # E (3ZCefc)-y(e,Z). If ef € F, then ef € D
if and only if there is a witness for ef. Now C, is empty if ¢, is a witness for
ab, and is the set of all ef for which ¢, is a witness otherwise. Thus ab ¢ C,
(1<i<k)and {C,,..., C,} can be a covering of D onlyif a€ B.

The sequence c is called good if r,(c) > —1 (1 <i < k). The codomain
of v restricted to good sequences, i.e. the set of nonempty finite sequences of
natural numbers, is ordered lexicographically. Using the same idea as in Lemma
3.7 we can prove:

Claim. For each tuple ab such that .# & ¢(a, b), amongst the good sequences
c=(a,b,...) is one for which v(c) is maximum.

Let v(a, b) be the maximum value of v(c) referred to in the claim. The
following formula is valid in .Z :

¢(x0’ 370)&¢(x1 > 71) - '(xo’ X, € B — V(x0> 70) = V(xl s 71))&
(xg € B&x, € B. - v(x,,y,) <Vv(x;,¥,))-

The reason is as follows. If ab € F and a € B, then ab imposes no restriction

on a sequence C,,C,,... such that ¢ = (a,b,T,,T,,...) is good. Thus
¢,,C,y, ... canbe chosen so that C,, C,, ... cover D. Indeed, for v(c) to be
maximal C,, C,, ... must cover D. However, if abe F, a ¢ B,and c is

good, then no ¢, is a witness for ab. Thus none of the C;’s contains ab, and
ab € D. This prevents v(c) from attaining the same maximum value which
can be achieved in the other case.

Fix a good sequence d = (a,, b,,d,, ..., d,) € C such that a; € B and
v(d) is maximum. Let r, denote r(d). Let Z, (1 < i < k) be disjoint
sequences of variables with /(Z,) = /(Z), and let ['(x,¥,Z, ..., Z,) be a set
of existential formulas over @ such that for any sequence ¢ = (a, b, Cisons
¢), #£ET(a,b,c,,...,¢T) iff r(c) >r, (1<i<k). Notethatthe formula

¢(x. & N\T(x,7,%,,...,%,). > .xEB
is valid in .# . Since .# is JV-saturated, by compactness there is a finite subset

I’ of T such that the last formula is still valid when T is replaced by I"'. On
the other hand by choice of T’

x €B— 3537, 37, [plx, DEAT, 7,7, ... 5]
is valid in .# . Thus for the formula £(x) we can take

I3z, -3z, [¢(x,y)&/\r“(x,y,7,,... ,zk)} .
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From the previous lemma, Lemma 3.1, and Corollary 3.5 we have

4.2. Corollary. Let T be a complete IV-theory over a relational language in
which no quantifier-free formula has the FCP. Then the conclusion of the previous
lemma holds in every model # of T .

As it turns out a great deal more can be said about algebraic closure in this
special case:

4.3. Lemma. Let T be a complete IN-theory over a relational language in
which no quantifier-free formula has the FCP. Let # £ T and a,b,c,d C M.
(1) If a € acl(bd), then b € acl(ad) or a € acl(d).
(2) If a € acl(bcd), then a € acl(bd) or a € acl(cd).
Proof. (1) Since it does not affect the argument we assume that d = &. To-
wards a contradiction suppose a € acl(b), b ¢ acl(a), a ¢ acl(&). From
the last corollary a is the solution of an existential formula over b having
only a finite number of solutions. Thus there exist # < w and a quantifier-free
formula ¢(x, y, Z) such that /Z F y(a, b), where w(x,y) denotes

FEH(x,y,7).&3"xTz(x, v, 7).
Since b ¢ acl(a), w(a,y) has infinitely many solutions for y in .# . Per-
muting the variables Z if necessary we can find the following configuration %
in #:a,d, (be,;: i <w) such that /(d)+I(e,) =[(Z),
M Eya,b)&sa,b,, de,),
and bi?iﬂbjéj =0 (i<j<w).

By compactness there exists .#’ > .# such that in .#' there are two con-
= "

figurations @', d , (b/e): i <w) and a”,d , (b/e): i< w) of the same kind
as & satisfying the following two additional conditions:
(i) tp,(a'd|M)=1p,.(a"d |M).
(i) a” ¢ acl (b)) (i< w).
For k < w let .#, denote the substructure of .Z " with universe
—1— .
Mudd'dd UU{b;e;: i<k}.

Let m =/(e,) + 1 and consider the following subsets of (M) :

A={beC M,: M E~pd,b,d°)},
B={beC M,: 4 Eda" b,de)},
CU,o)={fcM:If)=m, fi=c} (1<j<m,ceM\M).

From (i) every tuple in (Mk)m\(A U B) has at least one entry in M, \M .
Thus the sets displayed cover (Mk)m. Since w(a’, b;) is true in .#' so is
3¥"x37¢(x, b,'., Z). From (ii) it follows that b;'é; is not in B and hence not
in AU B. Since the tuples b;é are pairwise disjoint, to cover M, \(4 U B)
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we need at least k of the sets C(j, ¢). This is sufficient to prove that some
quantifier-free formula of 7' has the FCP.

(2) Again let d = @ because it makes no difference to the argument. Let
a € acl(bc), and towards a contradiction suppose that a ¢ acl(b) U acl(c).
From (1) b € acl(ac) and c € acl(ab). From Corollary 4.2 there exist n < w
and a quantifier-free formula ¢(x, y, z, %) such that .Z F w(a, b, c), where
wix,y, z) is

Fap(x, y, z, W&3I~"xTup(x, y, z, H&I"yIag(x, y, z, D&
BS"inﬁqb(x ,V, 2, U).

Since a ¢ acl(b) Uacl(c), from (1) b ¢ acl(a). Therefore 3”y3zy(a, y, z)
is true in .# . Permuting the variables Z if necessary, we can find the following
configuration in ./#: a, d, (b,ce;: i < w) such that /(d) +(e;) = [(u),

HEya, b, c)&pla, b, c,de).
and b.ce, nbjcj'éj =0 (i<j<w).

[
Now we finish the proof in the same way as for (1).

4.4. Corollary. Let T be as in the previous lemma and # £ T. If a,
a,,...,a,€M and acacl{a,, ..., a,}\acl(D), then for some i, 1 <i<n,
a € acl(a;) and a; € acl(a).

5. COMPLETE 3V-THEORIES IN WHICH
NO QUANTIFIER-FREE FORMULA HAS THE FCP

In this section theories in which no quantifier-free formula has the FCP will
be called NFCP theories . We have already seen that theories of this kind have
very nice properties: all formulas are equivalent to Boolean combinations of
existential formulas, and in any model the relation a € acl(b) is an equivalence
relation on the set of nonalgebraic elements. Here we show that the models of
such theories can be even more narrowly circumscribed provided the language
is finite. Of course, since every reduct of a complete 3v-theory is also 3V, our
results apply indirectly to the case of an infinite relational language.

We need some more terminology. When a € acl(b) is an equivalence re-
lation on the set of nonalgebraic elements, the equivalence classes are called
components.

Let .# be a structure, and fix n < . Following [1, Definition 2.6.3] a set
A C M" is called unpseudofinite if there are @, € A (i < ) such that all the
entries of @, are distinct and @,Nd, =@ (i <j < ). The set 4 C M" is
called pseudofinite if it is not unpseudofinite. Note that 4 is pseudofinite if
and only if there exists finite B such that anB # & forall ae 4.

For every formula y let !//0 denote y, and z//1 denote -y . Consider
A C M" and atomic formulas ¢,(X) (i <j) over M,where X = (x,, ..., X,).
For 0 €2 let 6_(X) denote A{d)i(f)”(’): i < j}. Ignoring any unsatisfiable
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formulas which turn up, the intersections with A of the solution sets in AM"
of the formulas 6 partition 4. Such a partition is called a partition of A by
atomic formulas. The elements of the partition are called pieces.

A C M" is called broad if for all m < w there is a partition of 4 by atomic
formulas in which at least m of the pieces are unpseudofinite. If 4 C M”" is
not broad, call it narrow. A formula ¢(X) is called broad or narrow according
as its solution set is broad or narrow.

5.1. Lemma. Let Th(.#) be a complete NFCP 3V-theory over a finite relational
language. Foreach n,1<n<w, M" is narrow.

Proof. Towards a contradiction suppose that A" is broad. Since atomic for-
mulas are stable there exists a broad quantifier-free formula ¢(X) over M
such that, for every atomic formula w(X) over M, one of ¢(X)&y(X) and
¢(X)&-y(X) is narrow. Thus, we can find basic formulas y,(X) (i < w) over
M such that for each i, ¢(X)&y,(X) is narrow but

¢(Y)&W,‘(E)&—‘W0(f)&' o &—‘l//i_l(f)
is unpseudofinite. Since the language is finite we can choose y;(X) of the form
w(x,b,).

Let a € On, « > . By compactness we can choose .#Z "> # in which
the sequence w (X, b,) (i <) can be extended to length « such that, for all
I <a,

$(X)&w (X, b)& N{-w(x,b)): j < i}
is unpseudofinite. Choosing « large enough we obtain 5,5 € M’ such that

— -

tp(b|M) = tp(b |M) and

(%, T) =4g, HF)&Y (X, B)&~y (%, D)
is unpseudofinite.

Choose m < . We can find .#", with # C.# C .#' and N\M finite such
that ,b C N and x(¥, ) has at least m pairwise disjoint solutions for X in
N" in which no entry is repeated. Since x(X, ¢) has no solutions in M" and
N\M is finite x(X,¢) is pseudofinite in .#". Notice that N" is covered by
-x(X, T) together with a finite number of formulas of the form x, = ¢, where
1 <i<n and ¢c € N\M. Any such covering has at least m + 1 formulas.
Since m was arbitrary and the existence of such a covering is expressible by a
first-order formula, some quantifier-free formula has the FCP. This completes
the proof of the lemma.

For P C M let E: be the binary relation on M" consisting of all pairs
(@, b) such that for all ./ > .#, @ and b realize the same n-type over
(N\acl(@b))UP in ¥ . We write E, for Ef.

5.2. Lemma. With the same hypothesis as before, if P C M s finite, then E,I:
is a finite equivalence relation on M" which is O-definable in (# , P) by a
universal formula.
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Note. (A , P) denotes the expansion of .Z by a new unary relaiton symbol
whose interpretation is P .

Proof. Without loss of generality suppose .# is X,-saturated. This will save
us the trouble of taking elementary extensions. We give the proof for the case
P = & since this eases notation and the adustments needed for general case are
straightforward.

We first check that E, is an equivalence relation. Suppose EEnEEnE and
towards a contradiction that ./Z k ¢(@, d)&—¢(C, d), where ¢(X, ¥) is a basic
formula and d Nacl(ac) = @. We need:

5.2.1. Sublemma. For any structure /¥, formula y(X,y), and e C N, if
w(X, @) is pseudofinite, then there exists finite A C acl(é) such that

N EVX(Y(X,?) > ANX # D).

From the sublemma and the Xj-saturation of .# we can choose d above
disjoint from acl(d). Since

HE @, d) &b, d).v.¢b,d)& ¢, d),

one of gE b and bE,C is contradicted. So E, is an equivalence relation.

From the definition of E, and the sublemma, EEnE fails if and only if there
are disjoint k-tuples ¢, (i < w) such that tp(@|c,) #tp(b |T,) (i < w). As
(@, b) runs through E, there is a finite bound, m say, on the maximum length
of a sequence (Ej: Jj < i) of disjoint k-tuples such that

to@l|c,) #wd|c)  (<i).

Otherwise, some quantifier-free formula has the FCP. Let Z; (i < m) be dis-
joint k-tuples of variables. Then XE,y is equivalent to

vz, vz, [( V Eiﬂ?jaég) % (\/ tp(Y[?i)=tp(?|7i)):l
i<j<m i<m
which is a universal formula.

Finally, we must show that E, has only finitely many equivalence classes.
Towards a contradiction suppose that E, has infinitely many classes. Then
there are representatives @, = FEi (i < w) of distinct E, -classes such that
¢ nNe; = @ whenever i # j. By compactness and R -saturation we may

suppose that ¢, Nacl(b) = &. Let m = [(c;). For each pair (i, j), i<j<w,
there exists EU such that EU Nacl(@a;) = @ and tp(q, | Eij) # tp(a; | Eij).
Using the sublemma we can move the d, ;'S so that d, ;Nacl(a,) =< for all
k<w. Now fix h < ® and let

D=bulJ{d,:i<j<h}.

Then the ¢, (i < h) all realize different types over D and by Corollary 4.4
¢;Nacl(D) = &. By the sublemma for each i < A there are infinitely many
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pairwise disjoint m-tuples each realizing the same type over D as ;. Thus
D witnesses that there is a partition of M™ by atomic formulas in which at
least # of the pieces are unpseudofinite. Since /4 is arbitrary this contradicts
the previous lemma. This completes the proof.

We continue in the same context. Call a tuple b C M closed if acl(b) C
bUacl(@).

5.3. Lemma. Let Th(.#) be a complete NFCP 3V-theory over a finite relational
language.

(1) E:cw) b (M\ acl(D))" is a finite equivalence relation and each of its
classes contains infinitely many pairwise disjoint closed n-tuples.

(2) There is a O-definable finite equivalence relation on M" which agrees
with E2© on (M\ acl(@))"

(3) If @, b C M\acl(®) are closed disjoint n-tuples and GE°'D, then
the permutation of M with support @b, which switches @ and b, is an
automorphism of M .

I _ T 1(2)

(4) If a,bC M\acl(@), [(@) =m, and I(b) = n, then the E, "-class of
ab determines the Ead( )-class of @.

(5) The predicate “X is a closed n-tuple in M\ acl(<&)” is 0-definable.

Proof. (1), (2) Note that E:Cl(g) is an equivalence relation since it is the in-
tersection of the set {E: : P Cacl(@), |P| < X,}. Towards a contradiction
suppose that Ead( ) partitions (M\acl(@))" into infinitely many classes. Us-
ing compactness, Corollary 4.4, and Ramsey’s theorem we can find .#' > # ,
a,c (M'\ acl(2))" (g € Q) and qu = qur c M (g,reQ) such that:

(1) If = € Aut(Q, <), then there is an elementary map F with dom(F),
mg(F) € M’ such that F(ﬁq) =y and F(Eqr) = ﬂ(q 2 (@>TE€E Q).

(ii) ¢ Cacl(@) and d,, € M\acl(@,a,).

(ili) @, and @, realize different types over b, .

It follows that EE has infinitely many equivalence classes, which contradicts
Lemma 5.2. This shows that Ead ) has only a finite number of equivalence
classes on (M acl(@))"

Fix a 0-definable ﬁnite subset P of acl(d) such that E: partitions
(M\ acl(@))" into the same number of classes as Ead(g) Then E: agrees with
E:d(@) on (M\acl(@))". This proves (2). Let ¢ C M\acl(®@) be an n-tuple,
and C, C’ denote E/E:d(g) , E/Ef respectively. Applying the sublemma to
A" obtained from .# by adjoining the imaginary points corresponding to the
classes of E: we see that there are infinitely many disjoint n-tuples in ct ,
and hence infinitely many in C. Note that M N acl(®) is the same in .Z
as in .# . By compactness there exists .#' > .# with a C (M'\M)"nC.
Let .#" denote the submodel of .#’ with universe M U@. From Theorem
3.10 # < .#". Since M is algebraically closed in .#", @ is closed in .Z"
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by Corollary 4.4. Since .#" C #' and Ef is defined by a universal formula,
A" FaE, Pz andso @ C C in .#" . Thus we can add a closed tuple to C which
means that in any X -saturated model all the Ead( -classes contain infinitely
many pairwise dlS_]Olnt closed tuples. Once (5) is proved it will follow that the
same is true of every model.

(3) Without loss of generality .# is X,-saturated. Let @, b be disjoint
E:cl(z)-equivalent closed n-tuples C M\ acl(®). Towards a contradiction let
¢(X,V,Z) be abasic formula and d C M\(a@, b) such that

(#) MEP@,b,d)&¢b,a,d).
From the saturation there exists a closed n-tuple ¢ C M\ (acl(®) Uabd) which
is in the same E 9 _class as @ and b. From the definition of Eacm a

and b realize the same type over M\ab, and likewise for the pairs (b 5 C)
and (¢, a). Using (¢, a), from & & ¢(a@,b,d) we have # £ ¢(¢,b,d).
Using (@, b), we deduce that .#Z k ¢(¢, @, d); and then, using (b, ¢), we get
A = (b, a,d). This contradicts (#).

(4) Without loss of generality .# is X-saturated. Let @,,a,, b,, b,

M\ acl(2) , where (@) = [(@,) = m, I(by) =1(b,) = n, and qyb, Ef,fff’—jl

Towards a contradiction suppose that there exists ¢ C (M\ acl(a0 a,))Uacl(9)

such that @, @, realize different types over ¢. Write T = de, where d C
p—

acl(©¥) and @ C M\acl(d). From (1) there exists a closed /(e)-tuple e C
M\ acl(ﬁOZilEOEl) such that ?’Ef(%l)(g)?. Since ¢ and @ realize the same type
over @,a, Uacl(Q), @, and a, realize different types over ¢, where ¢ =d e’ .
This contradicts @b, Ef:i(?)_lgl

(5) Let I(X) =[(y) =n and ¢(x, ) be a formula such that .# F ¢(a, b) if
and only if anb = @ and @b, ba realize the same type over M\ab . Note that
M E ¢(@, b) if and only if there is an automorphism of .# which switches @

and b and fixes M\a@b pointwise.

Claim. There exists k < w such that for all @, if {5, Y eees Em} is a maximal
set of pairwise disjoint solutions of ¢(a,y) in A , then m < k.

This is a special case of Lemma 4 of Baldwin and Kueker [2].

Let w(X) be a formula such that .Z F y(a) if and only if there exist pairwise
disjoint solutions b, ..., b, of ¢(a,y). Suppose that .# F y(a). By choice
of k it follows that ¢(a, ¥) has infinitely many pairwise disjoint solutions. Let
b be one of them. Then bNa@ = &, and b has infinitely many pairwise disjoint
conjugates over @ since any solution ¢ of ¢(a,y) can be switched with @
keeping M\@c fixed pointwise. Let d € acl(@)\a@. Switching @ and b we see
that d € acl(d). If d ¢ acl(®), by Corollary 4.4 there exists e € b such that
e € acl(d). Hence bnNacl(@) # &, which is impossible since » has infinitely
many pairwise disjoint conjugates over @. Thus d € acl(&) and so @ is closed.
Since the solutions of ¢(a@, y) are all conjugates of @ over &, anacl(d) =J.
Thus, if .# F w(a), then @ is a closed tuple C M\ acl(<). On the other hand,
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from as much of (1) as we have already proved, if @ € (M\ acl(@))” is closed,

then in any X -saturated M' = M there exist pairwise disjoint closed n-tuples

b,,...,b, in the same E*®.class as @. Hence by (3) .#' F y(@), which
means that M E y(a). Th1s completes the proof.

We are now able to characterize the theories being considered in this section
in terms of certain properties of their models. The properties we need of a
model .# are:

Q1. There is an equivalence relation =~ on M\ acl(¥) such that, for a €
M\ acl(d) and B C M\acl(d), a € acl(B) if and only if a ~ b for some
beB.

Q2. Foreach n, 1 < n < w, there is a 0-definable finite equivalence relation
R, on M" such that, if @, b € (M\acl(@))", then @R, b if and only if @ and
b realize the same type over (M\ acl(a b)) U acl(D).

Q3. For each n, 1 < n < w, if the R -class C is unpseudofinite, then
C N (M\acl(®@))" contains infinitely many pairwise disjoint closed n-tuples.

Note that a ~ b if and only if a, b € M\ acl(J) and a € acl(b). Recall
from above that ~-classes are called components. Note that Q3 guarantees the
existence of many finite components.

5.4. Theorem. Let T be a complete theory over a finite relational language. T
is an NFCP 3v-theory if and only if every model of T has the properties Q1-Q3.
Proof. The “only if” part is clear from the work above. For the rest we assume
that T is a complete theory over a finite relational language all of whose models
satisfy Q1-Q3.

Our first aim is to show that every formula is equivalent to a 3V-formula.
Consider an arbitrary model .# of T, a quantifier free formula ¢(X, ¥y, Z)
and @ € M such that .Z EVy3z¢(a,y, Z).

Claim 1. There exists a finite subset C of M such that
A ENYFZze CUV)P(@, TV, Z).

To see this we use induction on [/(¥) = n. Without loss of generality
¢(X,y,Z) can be replaced by the formula

ZnNxXy =2&\/{¢(X,y,u): uCXy7}.

Thus we may assume that ¢(X,y,Z) implies ZNXy = . Let B be an R -
class. Since R, is a finite equivalence relation it is sufficient to find a finite
subset C of M such that

A ENyeB)(FTze Cuy)p(a,y, z).

If B is a pseudofinite, there is a finite subset of M which meets every member
of B and so we are done by the induction hypothesis. So we may also assume
that B is unpseudofinite.

By Q3 choose closed b € B such that bna = &. Choose ¢ such that
MEP@,b,c). Then @bNT =T by choice of ¢. Permuting the variables Z
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we can write ¢ =d e, where d C acl(@) and & C M\ acl(@). Since b is closed
and enb = &, by Q1 enacl(@b) = @. By Q3 there exist ¢, C M\ (abUacl(D))
(i < n) pairwise disjoint ciosed tuples in the same R,(E)-class as e. By Ql
e; Nd = @ since e, isclosed, ¢,N(avacl(¥)) = J, and d C acl(@) . From QI
we see that
abd C (M\acl(ee))Uacl(@) (i<n
)

).
Applying Q2 to @ and ¢, we get .# F $(@, b, de;) (i < n). Again by Ql,

since b is closed,
ade, C (M\acl(b))Uacl(@) (i <n).

Consider ' C M\acl(®) such that 5 R b and /£ k ~¢(@, b ,de,) (i <
n). Now fix j such that &N b = @. This is possible since /(5) = n and
the e;’s are pairwise disjoint. If ZI'Z?j C (M\ acl(El)) U acl(<d), then by Ql
we have ade, C (M\acl(bb)) Uacl(@). By Q2 applied to b and b’ we get
M F ¢@, b,de) ~ ¢, v, de}), contradiction. It follows that @de; N
(acl(5))\ acl(@)) # @. By QI this implies & Nacl(@) # & since ¢ NG =
and d C acl(@). We conclude that

[anB& Ni-¢(@, v, de): i< n}] —JNacl@) £ 2

is valid in every elementary extension of .# . By compactness there exists finite
A C acl(a) of M such that

[J7Rn5&/\{—\¢('a‘, y,de):i> n}] LSTNAAD.

The claim now follows by the induction hypothesis.

By compactness, once ¢(X, ¥, Z) is fixed, there is a bound on the size of C
in Claim 1. Thus in T every formula is equivalent to a 3vV-formula.

Let #' =M , a,,a,,...€ M\M ,and @, denote q,, ..., a,. Let /£, be
the structure .# U{a,, ..., a,},and .#, be .# U{a,, a,,...}. Notice that, if
b C M\acl() is a closed n-tuple in the same R, -class as @, , then @,b and
ba, realize the same type over M\a@,b. This follows by the argument used
to prove (3) of Lemma 5.3. Since there are infinitely many pairwise disjoint
possibilities for » which are permutable over the rest of the model, M, =
# and the isomorphism may be chosen to fix any finite subset of M. Let
o(X,¥y,Z) be a quantifier-free formula.

Claim 2. If VX3yVZ¢(X,y, Z) is true in £ , then it is true in .Z.

Note that without loss of generality we can assume that Xy NZ # <& implies
#(X,y,Z). Let @ C M, where /(@) = [(X) and 1 < k < w. It is sufficient
to show that .Z, F 3yvzZ¢(a,y,Zz). For each n, k < n < w, choose En
such that .7, F Vzé(a, Fn , Z). Permuting the variables y if necessary, we
can find an infinite set 1 C {k,k+1,...}, ¢C M, and 3,, CM, (nel
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such that b, =¢d, and d, Nd,c=@ (m,n€l,m#n). Let I(d,) =j.
By thinning /I we can suppose that each 3,, is in the same R jclass D. Let
d C M\(@cu acl(@)) be a closed j-tuple C D and e C M, be arbitrary
with /(€) = [(Z). Since there are infinitely many pairwise disjoint 3;1 s CD
such that .#' £ ¢(@,cd,,e), for some .#" > #' and d C M"\M' we
have .#" £ ¢(@,cd ,2) and d C D. Since d is also closed in .#" we
have .#" E ¢(@,cd, ) unless acend # @. The latter is possible only if
dne+# @, in which case .#" F ¢(a,c, de) by choice of ¢(X,¥,Z). Since
M,k $@,cd,e) forall e (M,)"™ the claim is proved.

Recall that in Th(#) = T every formula is equivalent to a Iv-formula,
which is the same as saying that every V3-formula is equivalent to a 3v-formula.
The equivalence of a 3Iv-formula and a 3IV-formula is expressed by a V3Iv-
sentence. From Claim 2, if the formula w is equivalent to the 3V-formula 6
in T, then the same is true in Th(.Z)). Since the same V3V-sentences are true
in # and #,, #, is a model of T . It follows by [7, Lemma 4.1] that T is
a 3Jv-theory.

Finally we wish to show that no quantifier-free formula has the FCP. Towards
a contradiction suppose that the quantifier-free formula ¢(X, y) has the FCP.
Let [(X) = m, () = m,and # ET. Aset {b:i <k} C M" isa
(minimal) ¢-covering of M™ if \/{¢(X, 5,.): i < k} is valid in .# and for
each j < k, \/{¢(X,b,): i < k,i# j} is not. Since ¢(x,¥) has the FCP
there are arbitrarily large finite ¢-coverings. Given a particular ¢-covering
B = {5,.: i < k} we proceed as follows. For each j < k we choose a; c M"
such that

ME D@, b)& N{~o(@;, b):i<k,i#j}.

We permute X and choose ¢ C M~", k' < w, and ¢, € M"'O (i < k')
such that for all i, j <k’

cc,ef{a,: h <k},
i#j—7t,NTe, =0,
TR 1T, -

The choices are made to maximize k' . Next choose ¢ a closed tuple in the
same R, _;-Classes as €, such that ¢nbc =0 (j<k). Finally, choose
b € B such that ./ E ¢(cc , b).

There are two points to note about this construction. Firstly, with some fixed
permutation of X and some fixed value for /(¢) we can find ¢-coverings for
which k' is arbitrarily large. Secondly, (T, b) is true in .# for at most one
i < k'. By compactness in some model .#" of T we can find ¢, ,c" and b
such that

—J!I T

(#) N E $@ET , b)&-¢(TT , D),
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A -/
¢ is closed, cRm_,(E)

From Q1 it follows that
beN (acl(@e )\ acl(Q)) = @

whence ¢ and ¢’ realize the same type over b¢. This contradicts (#) and
completes the proof of the theorem.

5.5. Lemma. Let T be a complete NFCP 3N-theory over a finite relational
language. Let #/ T and R, (1 <n < w) be equivalence relations satisfying
conditions Q2 and Q3 listed above.

(1) n-tuples @, b C M\ acl(D) are R -inequivalent iff there exist ¢ C acl(Q)
and pairwise disjoint tuples Zi-i (i < w) of equal length such that tp(a | ?3,.) #
tp(b|cd,) (i<w).

(2) If /& is obtained from # by deleting one component, or even all infinite

ones, then NV < A .
Proof. (1) Suppose that the specified ¢ and Zi (i < w) exist. In some .Z' >
A there exists d € M'\M such that tp(@ |¢d) # tp(b | ¢d) and dnacl(@b) =
& . Thus ERnF fails in .#' and hence also in .# . For the other direction,
suppose @R, b fails. There exists ¢ C acl@ and d C M\acl(@b) such that
tp(@|cd) # tp(b | cd). In the last inequality d can be replaced by any closed
tuple d such that EIRI(E)Z and d Nab=0.

(2) Let C be a component of .# . Suppose @2 C M\C, b C C, and # F
VZw(@, b, Z), where w(X, 7V, Z) is quantifer-free. Let b C M\(acl(@) Uab)
be a closed tuple such that E'R[(Z)F. From Q2 b and b’ realize the same type

over M\(CUD'). Therefore .#\C F ¥Zy(a, b ,z). Hence any Jv-sentence
over #\C true in .# is also true in #\C. Since T is 3V, #\CE T and
so #\C < .# from Theorem 3.10. It is clear that the same argument works if
we delete all infinite components from .# instead of just C.

The relations R, (1 < n < w) will continue to have the same meaning
acquired from conditions Q2 and Q3 for the rest of this section.

5.6. Theorem. Let T be a complete NFCP 3V-theory over a relational lan-
guage.
(1) T has a prime model.
(2) A countable model of T is prime iff all its components are finite.
(3) If # E T, then the number of nonprincipal elementary 1-types over M
is at most 2.

Note. In fact we can easily see that prime models exist over arbitrary subsets
of models. An example which shows that 7" may not be X -stable can be
constructed as follows. Let L = {R, U}, where R is a binary relation symbol
and U is a unary relation symbol. Let 7| be the L-theory such that .Z F T
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if and only if .Z | R 1is a graph in which each vertex has degree < 2. Form
A" from T, as in the examples of §1. Then Th(#") is an NFCP 3v-theory
which is not R -stable.

Proof. (1), (2) Let # = T and # C .# be obtained by deleting the infinite
components of .#Z . From the last lemma /" < .Z .

Now consider two countable models .#°, .# such that ./ < # and all
components of .# are finite. We claim that /" = .# . Fix n > 1 and an
Ef:d(@)-class C. Let (a;:i < w) be an enumeration of the closed tuples in
M"NC and (Ei: i < w) be a corresponding enumeration for .#". Let 4, B
denote |{@;: i < w}, U{b,: i < w}. Let F.: A— B be the map which takes
a; to Bi for each i < w. From Lemma 5.3(3) F-Uid, , is an isomorphism
from .# into .# . Taking the union of idacl(g) together with a collection of
the F.’s, which is maximal subject to the domains not overlapping, we obtain
an isomorphism from .# onto ./ .

Let .4, 4] be two countable models neither of which has an infinite com-
ponent. Let .Z be a countable model which embeds both .7 and .#] elemen-
tarily. By deleting any infinite components we can suppose that .#Z has only
finite ones. From the last paragraph .Z# = .#; (i = 0, 1). Hence /; = /].
This completes the proof of (1) and (2).

(3) Let # £ T be of arbitrary size, # < .#', and a € M'\M. Let
A C M'\M be the component of .#' in which a lies. The proof of Lemma
5.5(2) shows that £ UA4 <.#'. (# UA denotes the substructure of .#’ with
universe M U A.) Hence Tp ,.(a|M)=Tp, ,(a|M). Let a=a,,a,, ... be
an enumeration of 4. For 1 <n < w let C, be the R -class of (a,,...,qa,).
From Q2, C, fixes tp(a,, ..., a,|M). Hence (C;: 1 < i < w) fixes the iso-
morphism type of .# UA over M, and hence fixes Tp , ,(a|M). Since there
are only a finite number of choices for each C; the proof is complete.

Let .# be a structure and ¢(x, y) be a formula. For any 4 C M, the
¢-closure of A, denoted ¢-cl A, is the least B, A C B C M, such that

[ce B&# E ¢p(c,d)V ¢(d,c)]—-deB.

5.7. Theorem. Let T be a complete NFCP 3V-theory over a finite relational
language. There is an existential formula ¢(x, y), algebraic in both x and y,
such that in any model # of T, ¢-cl(a) = acl(a)\acl(d) (a € M\ acl(D)).
Proof. Let # £ T, where T satisfies the hypothesis. Let C be a component
of # and #\C C #' C .# . From Lemma 5.5(2), #\C < .# . Since T is
I, #'E T. From Theorem 3.10, MN\C = ' also. Thus we have:

Claim 1. If C isacomponent of .# and .#\C C.#' C.# ,then acl ,(Q) =
acl , (<) and every component of .# other than C is a component of .# "
Next we shall establish:

Claim2. In # , if b € acl(a)\acl(D), then there exists ¢ C acl(a)\ acl(D) such
that for any a'b'¢ C M\ acl@ in the same Rz, o-class as abc, b eacl(a).
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From Corollary 4.2 there is a quantifier-free formula w(x, y, %) such that
Juy(a, y, u) has only a finite number of solutions one of which is 4. Permut-
ing the variables % if necessary, we can find ¢ C acl(a)\acl(@), d C M\ acl(a),
and ¢ C acl(®) such that # & w(a,b,cde). Let a',b', and T be given
in M\acl(@) such that abcR; ,a'b’c . Without loss of generality we can
suppose that d is a closed tuple disjoint from ab'e. Temporarily we assume
that a'b'¢ is disjoint from acl(ab?). Let & C.# be given by

N = (M\acl(aa'b’@)) Uabca'b'c Uacl(@).

We can pass from .Z to .4 in a finite number of steps in each of which some
elements are deleted from a single component of .#Z . Claim 1 tells us that
two elements in the same component of ./ are in the same component of
M . Since N Ey(a,b,cde), beacl,(a). since abcR,;,,a'b'c and abe,
a'b'c are closed tuples in ./, there is an automorphism of %~ switching abe¢
and a'b'c’. Hence b’ € acl ,(a’) which implies b’ € acl ,(a’). We can draw
the same conclusion when a'b'cn acl(abc) # &, by interpolating a closed tuple
a"b"¢" disjoint from acl(abca’b’?). This completes the proof of Claim 2.

If a, b e M\acl(®) and ¢ satisfies the conclusion of Claim 2 with /(¢) =i,
then we say that a and b are i-adjacent. It is clear that i-adjacency is a
reflexive relation.

Recall that R, , agrees with Effz(g) on tuples C M\ acl(). Thus there is

. (D .
an obvious correspondence between E,ajz( )_classes and R 1+2-Classes which meet

(M\ acl(@))'**. From the definition of E?ilz(g), if 4 is an Efflz(g)-class and

B={b'd'?:a'b'c € A}, then B isan E*\? class. From this observation, the
acl(

correspondence between E; +2®)-classes and R, ,-classes, and the symmetry of
the relation x € acl(y) on M\ acl(D), it follows that i-adjacency is a symmetric
relation.

The i-closure of A C M, denoted i-cl(A), is the closure of 4 under i-

adjacency. Clearly, i-cl(4) C acl(4). Let k be the arity of the language.

Claim 3. If 4 C M\acl(D) is k-closed, then A is closed in the sense that
A = acl(4)\ acl(D).

If not, we have a, b € M such that b € acl(a)\(k-cl(a) U acl(@)). Let
 C acl(a)\ acl(?) witness the conclusion of Claim 2. Let a'b'c?’ € M\ acl(®)
be a closed tuple such that abTR,,,a'b'c’ . From Lemma 5.3(4), 8" ¢ k-cl(d)
since b ¢ k-cl(a). Let d enumerate k-cl(a') and ¢ enumerate a'b'c'\d.
Then {d, @} is a partition of a'b'Z into k-closed sets. Permuting entries of
the various tuples we can suppose that de is a'cd’.

Let 4,2 denote closed tuples such that 4R 1(3)2/ and 2R, . Let d, Zz'-:,

be corresponding subtuples of @, d respectively, and e,, e, be corresponding
subtuples of @, & respectively such that / (30)+l (ey) = k. Let 21?1 be a closed
tuple in M\ acl(@) such that d,&,R,d,e,. Towards a contradiction suppose
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d, is not a closed tuple. Then acl(d,)Ne, # @. We can easily deduce that
k-cl(d,) Ne, # &, contradiction. Therefore d, is closed, and hence ¢, also.
Without loss of generality 4 & and d e, are disjoint tuples. By Lemma 5.3(3)
dy and d, can be switched, and then & and e,. This gives d,eyR,d,e, ,
whence ZI)EZ)R,(ZOEO.

Since d e, is an arbitrary k-set from de, it follows from the definition of
the relation E2® (with which R, agreeson (M\ acl())") that El'e"Rl(Egﬁ'é.
Let d¢ be a"¢’b". Then a"b”E”R,(E) L,abc. Since ¢ witnesses b € acl(a),

b" € acl(a”). This contradicts the choice of @ and @ and so completes the
proof of Claim 3.

We return to the proof of the theorem. From Claim 3 it is sufficient to find a
formula w(x, y) algebraicin y such that, if a, b € M\ acl() are k-adjacent,
then ./ F y(a, b). Since k-adjacency is symmetric, for ¢(x, y) we can take
w(x, &y (y, x).

Let a, b € M\ acl() be k-adjacent and ¢ be a tuple satisfying the conclu-
sion of Claim 2 with [(¢) = k. Let C be the R, ,-class of abc. Then a, b
are said to be k-adjacent via C . Since there are only a finite number of possible
C, it is sufficient to find an existential formula y.(x, y), depending only on
C and algebraic in y, such that .# F y(a, b). A disjunction of formulas of
the form . (x, y) will serve as the y(x, y) of the last paragraph.

Let n < w be the greatest number for which there exist a' € M\ acl(®),
distinct b, € M\acl(Z) (i < n), and ¢, € M\acl(@) (i < n) such that
a'b,.Ei CC (i<n). Wecall n the bound of C. The multiplicity of n (as the
bound of a class) is the number of R, ), -classes having n as bound. Notice
that, once /(¢) is fixed, the multiplicity of a particular bound is fixed by T .

Let . C.# be the substructure with universe

acl(@)uabcu U{D: D is a finite component of .# disjoint from abc}.
Our next task is to establish:

Claim 4. There exists & < w such that for any model .#' of T and any
embeddings F,: ./ — H' (i < h), with F(a)=F;(a) (i,j< h), there exist
I, Jj <h such that F(b)=F;b) and i # j.

A key point for the proof of the claim is as follows. If .4,, # F T,
MyC M, 1 <m<w,and ¢,8 € (My\acl(@))”, then R, in .4, iff
?Rm?' in ./#, . To see this, note that acl(J) is the same in .# as in .#, by
Lemma 4.1. Also, from Lemma 5.5(1), if ?Rm?' fails in ./, then it fails in
A, . Since R,, is a finite equivalence relation, this justifies the assertion that, in
My, R, is its restriction from .#, at least as regards tuples without algebraic
entries. Thus for every R, -class C;, which meets (M) acl(@))™ there is an

R, -class C, of .#, such that

C, N (M\ acl(@))™ = C, N (M, acl(@))" .

C, is said to correspond to C, .

1
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Let C, be an R, -class in .#; with bound n, and C, be the corresponding
R, -class of .#,, with bound n, say. From the definition of bound, n, < n, .
Since the possible bounds and their multiplicities are fixed by T, we have
ny=n,.

Let h=n" | (M\acl(@))/Rg,,|+1,and #' andthe F;: ¥ —.#' (i <h)
satisfy the hypothesis of Claim 4. By the pigeon-hole principle there is an
R, p-class C' of .#" such that F,(abc) € C' for at least n+ 1 values of i,
say for all i < n. Since (abE)/Rl(E)+2 (= C in #) hasbound #n in ./ , it has
the same bound in .#". Clearly, C' = F((abt)/R,q,,) also has bound 7. Let
a =Ffa), b,=F(b),and T, = F,(t) (i <n). Since d'b, € C' (i <n),
there exist i, j such that i< j<n and b, =b Iz This completes the proof of
the claim.

Let % be an w-sequence of variables and ®(x, y, %) be a set of basic for-
mulas such that for some enumeration d of N\{a, b}, ®(a, b, d) is the set
of all basic sentences over N which are true in .#". Let %, (1 < i< h) be
nonoverlapping w-sequences of variables. From Claim 4

oy [/\CD(x,yl,Hl)&--‘&/\cb(x,yh,ﬁh)] ~\V{y =y 1<i<j<hy.

By compactness there exists a finite ¥(x, y,u) C ®(x, y, u) such that, if
Yeo(x,y) is Ju¥(x, y, u), then

Fr We(x, y)& - &ye(x, )1 = \[{y, =y, 1 i< j< h}.

Clearly . (x,y) is algebraic in y, and .# F y(a, b). This completes the
proof of the theorem.

We close this section with a theorem which is more or less equivalent to the
theorem of Schmerl [10].

5.8. Theorem. Let T be a complete theory over a relational language. T is
an R -categorical 3V-theory if and only if for every M E T

(i) there exists a 0-definable equivalence relation E on M with finite classes
such that A |E is finitely partitioned, and
(ii) forall a e M\aclD, 4 = .#\{a}.

Terminology. By .Z /E we mean the permutation structure (M/E, G), where
G is the subgroup of Sym(M/E) induced by Aut(.#). (For a brief discus-
sion of permutation structures see [4, §1].) A permutation structure (X, H) is
finitely partitioned if there is an H-invariant partition

X =FuXx,U---uXx

n

of X such that |F| < w, |X;| > w (1 <i<n),and the pointwise stabilizer
of X\X, in H induces Sym(X,).
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Proof. Suppose that T is an X, -categorical 3V-theory and for the moment
suppose that the language is finite. From Lemma 3.6 no quantifier-free formula
of T hasthe FCP. Let # £ T and a€ M. Let E be the equivalence relation
on M defined by

xEy & [(x, y €acl(@)&x =y) V (x € acl(y)\ acl(D))] .

By Corollary 4.4 for all b € M and B C M, b € acl(B) iff b € acl(d) or
(b/EYNB # @. Since T is N, -categorical the E-classes are finite, acl(J) is
finite, and E is O-definable. Of course, the FE-classes contained in M\ acl(QD)
are just the components of .# . Call nonalgebraic E-classes 4,, A4, equivalent,
written A, ~ A, if [4)| = |4,| and there exist a@,, @, such that 4, = @,
(i < 2) and @,EX'°a,, where n = [(@)) = /(@,). Clearly ~ is invariant
under Aut(.#). From Lemma 5.3(1), ~ partitions the components of .# into
finitely many classes. From (3) of the same lemma, if 4, ~ A4, then there is an
automorphism of .# fixing M\(4,U4,) pointwise which switches 4, and 4, .
M/E can be written as FUX,U---UX, , where F = {{a}; a € acl(@)} and the
X, are the necessarily infinite classes into which ~ partitions (M\ acl(@))/E .
Let G < Sym(M/E) be the group induced by Aut(M/FE). We have remarked
above that, if a, b € X,, then the transposition (ab) is in G. Hence in .#
the sets X, are mutually indiscernible over F . Since M C acl(M/E) in .#*,
any elementary map of M/FE into itself can be extended to an elementary map
of #U(A |E) into itself. In particular, any automorphism of .#Z/E is induced
by some automorphism of .# . Thus .Z /E is finitely partitioned.

Let C be a component of .# and a € C. We have to show that .#\{a} =
A . From Lemma 5.5(2), #\C <X.# and so .#\{a} =.# . If . # were count-
able, this would suffice. In general, note that every component of .Z\C is a
component in .#\{a}, while C\{a} is partitioned into a number of compo-
nents in .Z\{a}, To simplify notation suppose C\{a} is a single component
D in #\{a}. Let ¢, (i < w) enumerate distinct components of .# such that
C =¢, and foreach i > 0 there is an automorphism of .# switching ¢, and ¢;
and fixing M\cC, pointwise. Let Zz'_,. (i < w) enumerate distinct components
of #\{a} such that D = Eo and for each i > O there is an automorphism
of .#\{a} switching d, and d, and fixing M\ad,d,. Let F: M — M\A be
the bijection such that F(¢,) =¢,,, and F(d,,,)=d, forall i< ®. Then F
witnesses that ./Z = .#\{a}.

This completes the proof of the “only if” part of the theorem in the case
when the language is finite. Suppose the language L(7T) of T is infinite and
consider .# E T . For each finite sublanguage L of L(T) we get a 0-definable
equivalence relation E, such that .#, /E, is finitely partitioned, where .#; =
A | L. Also, since ~ partitions the components of .Z into finitely many
classes, there are only finitely many nonprincipal elementary 1-types over any
model. Hence Th(.#) is w-stable. From [6, Theorem 2.1], 7 has a finite
language in the sense that for some finite L C L(T) every formula is equivalent
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to an L-formula. Since properties (i) and (ii) hold for .# | L, they also hold
for 4 .

For the other direction suppose that a countable structure .# is given satis-
fying (i) and (ii) above. We shall show that T = Th(#) is R -categorical and
3v. The R,-categoricity of T is clear from (i). It also follows from (i) that T
is N, -stable. To see that 7" is 3V we need:

Claim 1. Let C beacomponent of .# . If #\C C #' C A ,then #\C < .A#'
and the components of .# other than C are all components of .#" .

To see this let R be the finest 0-definable finite equivalence relation on M
which is refined by E and, let D be the R-class of C. There exist .#' > .#
and ¢, € M'\M (i < w) suchthat C, =, isacomponent of .#' R-equivalent
to C and {C;: i < w} is indiscernible over M . Since any two components
in the R-class of C can be switched by an automorphism of .# which fixes
the rest of .#/E pointwise, (#\D)UU{¢;: i < w} = .# . So let us replace
M by (A\D)UU{C,;:i < w} and C by C,. Clearly, every permutation of
the ¢;’s is induced by some automorphism of .# which fixes M\D pointwise.
The other nonalgebraic R-classes of .# must have the same property, i.e. their
components can be permuted arbitrarily while the rest of the model is fixed
pointwise.

Since C is finite, #\C < .# . From (i), .#' £ T. Using the automor-
phisms of .# which fix C pointwise, we see that acl ,,(&) does not intersect
any component of .#Z\C . Also, if D" is any R-class of .#\C, in which the
components of .#\C are also components of .#', then D" is included in
some R-class of .#'. Let B be a component of .# other than C, and B’ be
a component of .#' such that BNB' # &. We have B’ C B ; otherwise there is
an evident contradiction. Towards a contradiction suppose that B is a compo-
nent of .#\C, of maximum size, which is actually partitioned by E ,.. Every
component of .Z\C which is R-equivalent to B is also partitioned by E ,.
and so .#' will have too few R-classes with components of size |B|. Thus the
components of .#Z\C are all components of .# " and R \C and R, agree
on M\C.

We need to see that acl ,,(Q&) = acl ,(@). To thisend let C' = CN M,
and C; be the image of C’ under the bijection which takes C, to ¢,. We have
already seen that acl ,.(@) C C'Uacl ,(@). let m = |acl ,(@)| and A C A
be defined by N = M\J{C\C;: i < m}. If C/nacl, (@) # @ for some
I, 1 <i< m, then C{ Nacl (@) # @ for every such i, contradicting the
cardinality of acl ,(&). Thus acl (&) = acl (). However, we can obtain
A from # Dby deleting the sets Cl.\C; (i=0,1,...,m) in turn. If at any
step an element is displaced from acl(J), then it cannot return to acl(<) at
a subsequent step. Hence acl(J) is the same at every step which shows that
acl () = acl ,(9). It follows that C " is the union of a finite number of
components of .#' . We have already seen that deleting a component yields an
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elementary substructure. Therefore .#\C <.#' which completes the proof of
the claim.

Claim 2. Let A, and .#, be countable models of 7" with .Z, <.#,, and let
MyC N C M . Then /' ET.

If the claim is granted, it follows easily that the same is true without restric-
tion on the cardinalities of .4, and .# . From [7, Theorem 4.1] we infer that
T is 3V which completes the proof of the theorem.

It remains to prove the claim. Let C; (i < w) be all the components of ./#|
which meet N\M,. We define an increasing chain of structures (/;: i < w)
by N, = MyUuU{NNC;:j <i}. Fix i and suppose .4, < ./;. From the
discussion of the components R-equivalent to C in the proof of Claim 1, C,
is indistinguishable from infinitely many components of .#, when we fix the
rest of M| pointwise. Thus .#; <. #;UC,, and C, is a component of .#;U C,
since components of .#, are components of .#;. From Claim 1 /%] <./ . It
follows by induction that (/;: i < w) is an elementary chain, whence /" F T .
This completes the proof of Claim 2 and of the theorem.

Remark. In the presence of X -categoricity condition (i) of Theorem 5.8 is
equivalent to 7T being strongly decomposable in the sense of [3, Definition
3.2.2].
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